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Abstract
We improve some our previous theorems on the calculation of integral bordism groups of formally
integrable and completely integrable PDEs, emphasizing the role played by singular solutions and
weak solutions. Some applications to interesting PDEs, defined on finite dimensional manifolds, are
also considered.
© 2005 Elsevier Inc. All rights reserved.
1. Preliminaries
This is the first of a series of papers devoted to the study of the geometric properties of
partial differential equations (PDEs) and their interconnections with the characterization
of global solutions by means of integral bordism groups.
The aim of the present paper is just to improve some our previous theorems on this sub-
ject [14,16], that allow us to relate the formal integrability to the integral bordism groups
and to some well-known results on the bordism groups of manifolds [20–25]. The main
results of this paper are Theorems 2.1, 2.6, 2.12, 2.15 and 3.6, that relate integral bordism
groups to formal integrability and complete integrability of PDEs, where the bording man-
ifolds are singular and singular-weak solutions. In particular, in Theorem 3.6 are given
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tions. In the next paper we will consider the relations between integral bordism groups of
PDEs and variational problems, constrained by PDEs, and we will apply these results to
some important equations, in order to characterize their global solutions [18].
The study of singular solutions of Thom–Boardman type is reconduced to the Cartan
theory of differential systems by soldering the Cartan approach to this geometric formu-
lation of PDEs. A k-order PDE on a smooth fiber bundle π :W → M , dimW = m + n,
dimM = n, is a subbundle Ek , of the k-order jet-derivative bundle πk : JDk(W) → M
[5,22]. The Cartan distribution on Ek ⊂ JDk(W) is the subbundle Ek ⊂ TEk spanned by
the tangent spaces to graphs of k-derivative of sections of the bundle π :W → M that are
solutions of Ek . Ek is the annihilator of the Ω0(Ek)-module
CΩ1(Ek)≡
{
α ∈Ω1(Ek) | (Dks)∗α = 0, for each s ∈ C∞(W)
}
.
Ωp(Ek) denotes the module of differential p-forms on Ek . A (singular) solution of
Ek ⊂ JDk(W) is meant to be a n-dimensional integral manifold V ⊂ Ek , of the corre-
sponding Cartan distribution Ek that, except for a non-where dense subset Σ(V ) ⊂ V ,
is projected diffeomorphically on M by means of the mapping πk : JDk(W) → M . If
Σ(V ) = ∅, the solution is called regular, otherwise singular and Σ(V ) is its set of sin-
gular points. Note that in the neighbourhoods of p ∈ V \ Σ(V ), V can be represented
in the form Dks(U), where s :U ⊂ M → W is a local section of π , and U is a suitable
neigborhood of πk(p) ∈ M . Let J kn (W) denote the k-jet for n-dimensional submanifolds
of W . JDk(W) is an open submanifold of J kn (W). Taking into account the embeddings
Ek ⊂ JDk(W) ⊂ J kn (W), we can consider Ek also as a PDE for n-dimensional submani-
folds of W too. Then, the definition of solutions of Ek is similar to above one, except that
now we substitute to the mapping πk , the following one πk,0 :J kn (W)→W . Of course so-
lutions of the first type are particular cases of this second type. We will denote by Sol(Ek)
the set of all such integral manifolds and we will call it the set of solutions of Ek . In
Sol(Ek) we will include also n-dimensional submanifolds of Ek that can be obtained as
projections of some n-dimensional integral manifolds as above defined, but contained in
the h-prolongations (Ek)+h = Jhn (Ek)∩ J k+hn (W) of Ek , h 0.
Remark 1.1. Let W be an (m + n)-dimensional smooth manifold. For an “admissi-
ble” p-dimensional, p ∈ {0, . . . , n − 1}, integral manifold N ⊂ Ek ⊂ J kn (W) we mean
a p-dimensional smooth submanifold of Ek , contained in an admissible integral manifold
V ⊂Ek , of dimension n, i.e., a solution of Ek , that can be deformed into V , in such a way
that the deformed manifold N˜ is diffeomorphic to its projection X˜ ≡ πk,0(N˜) ⊂ W . In
such a case X˜(k) = N˜ . Note that the k-prolongation, X(k), of a p-dimensional submanifold
X ⊂ Y , where Y is a n-dimensional submanifold of W , is given by
X(k) = {[Y ]ka | a ∈X}⊂ Y (k) ≡ {[Y ]kb | b ∈ Y}.1
1 Note also that the k-prolongation of a p-dimensional manifold X ⊂ Y ⊂W , contained into an n-dimensional
submanifold Y of W , depends on the particular n-dimensional manifold Y that contains it. So we can also write
X
(k)
(Y )
to denote the k-prolongation, emphasizing the role of Y . If Y ′ is another n-dimensional manifold that
contains X, then X(k)′ =X(k) iff Y ′ has with Y a contact of order k along the submanifold X ⊂ Y ′ ∩ Y .(Y ) (Y )
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have a frozen singularity [10]. The existence of admissible p-dimensional manifolds is
obtained solving Cauchy problems of order p ∈ {0, . . . , n− 1}, i.e., finding n-dimensional
admissible integral manifolds (solutions) of a PDE Ek ⊂ J kn (W), that contains some fixed
integral manifolds of dimension p < n. We call low order Cauchy problems, Cauchy prob-
lems of order 0 p  n− 2. We simply say Cauchy problems, Cauchy problems of order
p = n− 1.
2. Bordism groups in PDEs
A geometric way to study the structure of global solutions of PDEs, is to consider
their integral bordism groups. Let Ni ⊂ Ek , i = 1,2, be two (n − 1)-dimensional com-
pact closed admissible integral manifolds. Then, we say that they are Ek-bordant if there
exists a solution V ⊂ Ek, such that ∂V = N1 ∪˙N2 (where ∪˙ denotes disjoint union). We
write N1 ∼Ek N2. The empty set ∅ will be regarded as a p-dimensional compact closed
admissible integral manifold for all p  0. ∼Ek is an equivalence relation. We will denote
by ΩEkn−1 the set of all Ek-bordism classes [N ]Ek of (n − 1)-dimensional compact closed
admissible integral submanifolds of Ek . The operation of taking disjoint union defines a
sum + on ΩEkn−1 such that it becomes an abelian group. We call ΩEkn−1 the integral bordism
group of Ek . For such a group one can do considerations similar to the ones for classic
bordism groups [3,12–17,20,21,23–25]. A quantum bord of Ek is a solution V ⊂ J kn (W)
such that ∂V is a (n − 1)-dimensional compact admissible integral manifold of Ek . The
quantum bordism is an equivalence relation. The set of quantum bordism classes is denoted
by Ωn−1(Ek). The operation of disjoint union makes Ωn−1(Ek) into an abelian group. We
call Ωn−1(Ek) the quantum bordism group of Ek . Similar definitions can be made for any
0 p < n− 1. Some main theorems that allow us to calculate the integral bordism groups
of PDEs, are given in [12–17]. Here we give new results relating integral bordism groups of
formally integrable and completely integrable PDEs to their singular and weak solutions.
Theorem 2.1. Let π :W → M , be a fiber bundle, dimW = m + n, dimM = n. Let Ek ⊂
J kn (W) be a formally integrable PDE. We shall assume that the symbols gk and gk+1 of Ek
and (Ek)+1 respectively, are nonzero. Then one has the following canonical isomorphisms:
Ω
Ek
p
∼=Ωp(Ek), for any p ∈ {0, . . . , n− 1}.
Proof. Let us first emphasize that the condition of admissibility assures that the bordism
classes [N ]Ek ∈ Ωp(Ek) contain represenative manifolds N that are regular ones, and in
each of these bordism classes we can find regular integral manifolds N and N ′ such that
there exists a regular solution V of J kn (W), with ∂V = N ∪˙N ′. We have the following
short exact sequence that relates integral bordism groups and quantum bordism groups of
a PDE [14,16]:
0 →KEkp →ΩEkp →Ωp(Ek)→ 0.
We shall prove that under the assumption that Ek is formally integrable, one has KEkp = 0.
We shall use the following lemma.
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(Ek)+1 ⊂ J k+1n (W) is a strong retract of J k+1n (W) over Ek . Then, each solution V
of J k+1n (W), with ∂V ⊂ (Ek)+1, can be deformed into a solution V˜ of (Ek)+1, with
∂V˜ = ∂V , hence πk+1,k(V˜ )⊂Ek is a solution of Ek too.
Proof. When Ek ⊂ J kn (W) is formally integrable, one has that πk+1,k : (Ek)+1 → Ek
is an affine subbundle of πk+1,k :J k+1n (W) → J kn (W), with associated vector bun-
dle gk+1 →Ek . This is enough to state that (Ek)+1 ⊂ J k+1n (W) is a strong retract
of J k+1n (W) over Ek . Let ψ :J k+1n (W) → (Ek)+1 be the retraction mapping, and
i : (Ek)+1 → J k+1n (W) the canonical inclusion. Let Ck+1(W) and Ck+1 denote the contact
ideal on J k+1n (W) and (Ek)+1, respectively. Then, we can pull-back (smooth) differential
forms from (Ek)+1 to J k+1n (W), by means of ψ . In fact, one has the following lemma.
Lemma 2.3. [8] Let M and N be Cs manifolds, 1 s ∞. Then, C∞(M,N) is dense in
Cr(M,N), 0 r < s.
Therefore, we can approximate the C0 retraction ψ , with a smooth mapping, yet de-
noted ψ , as J k+1n (W) and Ek+1 are assumed to be of class C∞. If f :P → J k+1n (W) rep-
resents a solution of the trivial equation J k+1n (W) ⊆ J k+1n (W), one has f ∗Ck+1(W) = 0.
Furthermore, (ψ ◦f )(P )⊂ (Ek)+1 is an integral manifold of (Ek)+1 iff f ∗(ψ∗Ck+1)= 0.
In fact, 0 = (ψ ◦ f )∗Ck+1 = f ∗(ψ∗Ck+1). It is important to note that from the property
that i ◦ ψ (Ek)+1 1J k+1n (W), it follows that V˜ ≡ (ψ ◦ f )(P ) ⊂ (Ek)+1 can be obtained as
a deformation of V ≡ f (P ) ⊂ J k+1n (W), by means of an homotopy F : I × J k+1n (W) →
J k+1n (W), relative to (Ek)+1, such that
F0 = 1J k+1n (W), F1 = i ◦ψ, Ft |(Ek)+1 = 1(Ek)+1 , ∀t ∈ I ≡ [0,1] ⊂ R.
Therefore ∂V˜ = ∂V ⊂ (Ek)+1. The admissibility follows from the fact that ψ conserves
the fibres of πk+1,k . From the property ψ ◦ i = 1 it follows that, for any point q ∈ (Ek)+1,
one has the following commutative diagram, with exact horizontal lines, relating the Cartan
distribution Ek+1n (W) of J k+1n (W) to the one Ek+1n , on (Ek)+1:
0 → (Ek+1)q
i∗ E
k+1
n (W)q
0 ← (Ek+1)q Ek+1n (W)qψ∗
Therefore, it follows that in some neighbourhood of any point q ∈ ∂V ⊂ (Ek)+1, one
has that ψ(V ) coincides with an integral manifold of (Ek)+1. Furthermore, in order that
any regular solution V ⊂ J k+1n (W), ∂V ⊂ (Ek)+1, should be deformed by ψ into a solution
of (Ek)+1 it is enough that the symbol gk+1 is not zero. In fact, any integral plane Lq¯ ,
identified by some point q¯ ∈ (Ek)+2, over q ∈ (Ek)+1, determines a splitting (Ek+1n )q ∼=
Lq¯ ⊕ (gk+1)q , of the Cartan distribution of (Ek)+1. If gk+1 = 0, there is not enough room,
in general, to associate to all the boundaries ∂V ⊂ (Ek)+1, of solutions V ⊂ J k+1n (W),
solutions of Ek+1 with the same boundaries ∂V ⊂ (Ek)+1 too. Finally, taking into account
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of Ek . Therefore, Lemma 2.2 is so proved. 
Let us, now, [N ]Ek be an integral bordism class of Ek , such that [N ]Ek ∈KEkn−1 ⊂ΩEkn−1.
Then, there exists a n-dimensional admissible integral manifold V ⊂ J kn (W), with ∂V =
N ⊂Ek . We can assume that N and V are regular manifolds. Then, let us consider the first
prolongation V (1) ⊂ J k+1n (W), with ∂V (1) ⊂ (Ek)+1. One has V (1) ∼= V , via the projection
πk+1,k . By means of Lemma 2.2, we can deform V (1) in a solution V˜ ⊂ (Ek)+1, with ∂V˜ =
∂V (1) ∼= ∂V . Then, πk+1,k(V˜ ) ≡ V¯ ⊂ Ek is a solution of Ek , with ∂V¯ = N . Therefore
K
Ek
n−1 = 0. We can generalize this proof to any 0  p < n − 1, by considering couples
(N,X), with N as before and X a p-dimensional submanifold of N . 
Corollary 2.4. If Ek ⊂ J kn (W) is a strong retract of J kn (W)|Ek−1 over Ek−1 ≡ πk,k−1(Ek)⊂
J k−1n (W) with gk = 0, then one has the canonical isomorphisms ΩEkp ∼= Ωp(Ek), p ∈
{0,1, . . . , n− 1}.
Definition 2.5. The requirement that gk+1 = 0 is essential in the Theorem 2.1. In fact,
if, instead, gk+1 = 0, we can obtain solutions of (Ek)+1, not for all the quantum bording
manifolds. Then, in the case where Ek is a differential equation of finite type, i.e., the
symbols gk+s = 0, s  0, in order to consider the same final result of Theorem 2.1, it is
necessary to include also in the set Σ(V ) of singular points of V , discontinuity points,
q, q ′ ∈ V , with πk,0(q) = πk,0(q ′) = a ∈ W , or πk(q) = πk(q ′) = p ∈ M . We denote such
a set by Σ(V )S , and, in such cases we shall talk more precisely of singular boundary
of V , like (∂V )S = ∂V \ Σ(V )S . However for abuse of notation we shall denote (∂V )S
(respectively Σ(V )S ) simply by (∂V ) (respectively Σ(V )), also if no confusion can arise.
Solutions with such singular points are usually called weak solutions, or also distribution-
solutions.
Therefore, if we include in the set of singular solutions of differential equations also
weak solutions, then we can eliminate in Theorem 2.1 the requirement that the symbol is
zero, obtaining the following more general theorem.2
Theorem 2.6. Let Ek ⊂ J kn (W) be a formally integrable PDE on a (m + n)-dimensional
manifold W . One has the following canonical isomorphisms: ΩEkp ∼= Ωp(Ek), for any
p ∈ {0, . . . , n− 1}.3
Proof. The proof follows directly from Definition 2.5, Theorem 2.1 and the remarks made
in its proof. 
2 In this paper we do not distinguish between the different bordism groups that arise when one considers dif-
ferent classes of solutions. This has been made in order to avoid too heavy notations. However, from the context
will be clear in which class of solutions we are working.
3 The bording solutions considered here in ΩEkp are singular-weak solutions in the sense of Definition 2.5.
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mapped to J kn (W), k  1, dimW = m + n, m  1, in such a way that the corresponding
image V ⊂ J kn (W) is an admissible integral submanifold of J kn (W), of dimension p, i.e.,
a solution of the trivial PDE J kn (W)⊆ J kn (W), for p = n.4
Proof. Let us start with p = n. We shall use the following lemmas.
Lemma 2.8. [8] Let M , N be Cr manifolds, 1 r ∞, with dimN  2 dimM + 1. If M
is compact, then emeddings are dense in CrS(M,N). If M is not compact, embeddings are
dense in ProprS(M,N).5
Thus in order to state that any n-dimensional, p ∈ {0,1, . . . , n}, smooth manifold can
be embedded into J kn (W) it is enough to prove that dimJ kn (W) 2n+ 1. In fact, one has:
dimJ kn (W)= n+m
(k + n)!
k!n!  dimJ
1
n (W)= n+m
(n+ 1)!
n! = n+m(n+ 1)
 n+ (n+ 1)= 2n+ 1.
Now, let us consider V ⊂ J kn (W) be a p-dimensional smooth submanifold of J kn (W).
Then we can deform it in such a way that, in suitable neighborhoods of its points
x ∈ V , it becomes an integral manifold, transversal to the fibers of the affine fiber bun-
dle πk,k−1 :J kn (W) → J k−1n (W), except for some points belonging to a nonwhere dense
subset Σ ⊂ V . In fact, we have the following lemma.
Lemma 2.9. Let Y be a n-dimensional, smooth compact manifold. Then we can determine
a local embedding f :Y → J kn (W) such that V ≡ f (Y ) is a solution of J kn (W).
Proof. As the trivial PDE J kn (W)⊆ J kn (W) is formally integrable and also completely in-
tegrable, we can locally embedd any smooth compact n-dimensional manifold Y in neigh-
bourhoods of any point q ∈ J kn (W), in such a way to obtain a solution V ⊂ J kn (W). 
From the above results we get the local existence of embeddings of n-dimensional,
smooth compact manifolds into J kn (W), in such a way that it should be transversal to
the fibers πk,k−1 :J kn (W) → J k−1n (W), and that are also integral manifolds. Let us, now,
prove that this property can be globalized. Let f :Y → J kn (W) be an embedding of a
n-dimensional smooth manifold Y into J kn (W). Let f (1) :Y → J 1n (J kn (W)) be the first
prolongation of f . Then, taking into account that J k+1n (W) ⊂ J 1n (J kn (W)) is a formally
integrable PDE, by using Lemma 2.2, we can deform V ≡ f (1)(Y ) in order to obtain
a solution V˜ ⊂ J k+1n (W), hence a solution of J kn (W), taking into account the surjec-
tion πk+1,k :J k+1n (W) → J kn (W). From above results we can state that any n-dimensional
4 In general the application of Y into J kn (W), will not be a global embedding.
5 Here Cr
S
(M,N) denotes the topological space Cr(M,N) with the strong topology called the fine or Whitney
topology. Propr
S
(M,N) is the open subset of Cr
S
(M,N), r  0, of the proper Cr maps f :M → N . A map f is
proper if f−1 takes compact sets to compact sets.
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manifold V ⊂ J kn (W), in such a way that in some neighborhood of all its points q ∈ V ,
except for a nonwhere dense subset Σ(V ) ⊂ V , it is of the type N(k), for some smooth
n-dimensional submanifold N ⊂ W . Σ(V ) = ∅ if V can be globally diffeomorphically
projected on πk,0(V ). But this is exactly the definition of solution of the trivial PDE
J kn (W) ⊆ J kn (W). In order to conclude the proof of Theorem 2.7 it is enough to note
that we shall consider couples (Y,X), where Y are compact smooth n-dimensional man-
ifolds and X ⊂ Y are compact p-dimensional smooth submanifolds of Y . In this way
the corresponding embedded integral transverse p-dimensional manifolds are naturally
contained into n-dimensional integral transverse manifolds, therefore are “admissible” in
the sense specified in Remark 1.1. Note that we can always consider a closed compact
smooth p-dimensional manifold X contained into a suitable smooth manifold Y of dimen-
sion n > p  0. For this it is enough to consider the zero section 0 :X → E of a vector
fiber bundle over X, π¯ :E → X, with fiber dimension n − p. In such a case Y ≡ E, and
X ∼= 0(X) ⊂ Y . Recall that such vector fiber bundles are classified by homotopy classes
belonging to [X,Gs,n−p], i.e., the set of homotopy classes of maps X → Gs,n−p , where
Gs,n−p is the Grassmannian manifold of (n−p)-dimensional linear subspaces of Rs , with
s > n. This is the essential meaning of the following lemma. (See, e.g., [6,22] for a proof.)
Lemma 2.10. [8] Every Cr vector bundle ξ over a C∞ manifold X has a compatible C∞
bundle structure; and such a structure is unique up to C∞ isomorphisms.
Therefore, the proof of Theorem 2.7 is now complete. 
From above results we get the following important theorem.
Theorem 2.11. Let W be a (m+n)-dimensional smooth manifold, then one has the follow-
ing isomorphism: ΩJ
k
n (W)
p /K
Jkn (W)
p
∼= Ωp , for p ∈ {0, . . . , n − 1}, KJ
k
n (W)
p ≡ {[N ]J kn (W) ∈
Ω
Jkn (W)
p | dimN = p, N = ∂V }, where V is some (p + 1)-dimensional smooth manifold.
Proof. In fact, from Theorem 2.7 we get that the canonical homomorphism jp :Ω
Jkn (W)
p →
Ωp is surjective. So we have the following short exact sequence: 0 → KJ
k
n (W)
p →
Ω
Jkn (W)
p →Ωp → 0. 
Besides Theorem 2.11 we can prove also the following stronger result.
Theorem 2.12. Let Ek ⊂ J kn (W) be a formally integrable and completely integrable PDE
with dimEk  2n + 1. Then one has the following canonical isomorphism: ΩEkp /KEkp ∼=
Ωp , for p ∈ {0, . . . , n− 1}, with KEkp ≡ {[N ]Ek ∈ΩEkp | dimN = p, N = ∂V }, where V is
some (p + 1)-dimensional smooth manifold.
Proof. In fact, in such a case we can use an adapted new version of Theorem 2.7 by
substituting J kn (W) with Ek . In fact, one has the following lemmas.
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Let Ek ⊂ J kn (W) be a formally integrable and completely integrable PDE, with dimEk 
2n + 1. Then we can determine a local embedding f :Y → Ek such that V = f (Y ) is
an admissible integral manifold of Ek ⊂ J kn (W), and such that for p = n it represents a
solution of Ek .
Proof. Let us start with the dimension p = n. As dimEk  2n + 1, we can embedd any
n-dimensional manifold Y in Ek . Then, as the PDE Ek ⊆ J kn (W) is formally integrable and
also completely integrable, we can locally deform such a smooth compact n-dimensional
manifold Y in such a way to obtain admissible integral n-dimensional manifolds V ⊂Ek .
In order to consider also dimensions p < n, it is enough to consider couples (X,Y ),
where X is any smooth compact n-dimensional manifold, and Y is a smooth compact
p-dimensional submanifold of X. 
The globalization of this property can be made by using the formal integrability prop-
erty. More precisely on has the following lemma.
Lemma 2.14. Let Ek ⊂ J kn (W) be a formally integrable and also completely integrable
PDE, such that dimEk  2n + 1. Let Y be any n-dimensional smooth compact manifold.
Then Y can be applied into Ek obtaining a solution of Ek .6
Proof. In fact, since Ek is formally integrable, we can consider its first prolongation
(Ek)+1 ⊂ J k+1n (W) that projects on Ek via the canonical mapping πk+1,k :J k+1n (W) →
J kn (W). Then, let Y be a compact smooth n-dimensional manifold and let f :Y →
J k+1n (W) be an embedding of Y into J k+1n (W) such that V ≡ f (Y ) is a solution of the
trivial PDE J k+1n (W)⊆ J k+1n (W). Then as (Ek)+1 is a strong retract of J k+1n (W) over Ek ,
we can map V to a (singular-weak) solution V˜ ⊂ (Ek)+1, hence on a solution V¯ ⊂Ek too
(see Theorems 2.1 and 2.6). Σ(V¯ ) is the eventual set of singular points of such a solu-
tion V¯ . 
After above lemmas we can write the following short exact sequence:
0 →KEkp →Ω(Ek)p →Ωp → 0.
Therefore, the proof of Theorem 2.12 is now complete. 
Theorem 2.15. Let Ek ⊂ J kn (W) be a formally integrable and also completely integrable
PDE, such that dimEk  2n+ 1. Then one has the following canonical isomorphisms:
ΩEkp
∼=Ωp(W)∼=
⊕
r,s,r+s=p
Hr(W ;Z2)⊗Z2 Ωs.
6 In general such solutions are not globally embedded in Ek .
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one has the isomorphisms:
ΩEkp
∼=Ωp(M)∼=
⊕
r,s,r+s=p
Hr(M;Z2)⊗Z2 Ωs.7
Proof. Let us start with p = n − 1. We have the following short exact sequence:
0 → KEkn−1 → Ω(Ek)n−1
jk−→ Ωn−1(W) → 0. In fact, let X′ ∈ [X] ∈ Ωn−1(W). Let Y (re-
spectively Y ′) be represented by a map f :Y → W (respectively f ′ :Y ′ → W ), where Y
(respectively Y ′) is a smooth (n−1)-dimensional compact closed manifold. Let g :Z →W
be a bording map, dimZ = n, such that ∂Z = Y ∪˙Y ′, with g(∂Z) = X ∪˙X′. Then, from
Theorem 2.12 we can apply Z into Ek , h :Z → Ek , in such a way that the correspond-
ing submanifold V of Ek results a solution of Ek . Then, ∂V = N ∪˙N ′, with N = h(Y ),
N ′ = h(Y ′). In this way one identifies an integral bordism class [N ]Ek ∈ ΩEkn−1, hence jk
is surjective. Let us prove, now, that KEkn−1 = 0, i.e., jk is injective. In fact, let f :X →Ek ,
be the map that represents [N ]Ek ∈ΩEkp , such that there exists g :Z →W with dimZ = n,
such that ∂Z = X. Then, we can prolonge g in such a way that g(k) :Z → J kn (W), with
g(k)|X = f . Now, taking into account the formal integrability of Ek we can associate to
g(k+1) a solution V of (Ek)+1, with ∂V = N(1). Thus πk+1,k(V ) ≡ V˜ is a solution of Ek ,
with ∂V˜ = N . Therefore, must necessarily be [N ]Ek = 0 ∈ ΩEkn−1. The proof can be gen-
eralized to any  p < n− 1, by considering couples (X,Y ) of smooth manifolds, Y ⊂ X,
dimX = n− 1, dimY = p. 
Example 2.16. One has the following isomorphism:
Ω
Jkn (R
n+m)
p
∼=Ωp.
In fact, as W ∼= Rn+1 it is p-connected, p ∈ {0, . . . , n− 1}, from Theorem 2.15 we have:
Ω
Jkn (R
n+m)
p
∼=Ωp
(
J kn (R
n+m)
)∼=⊕
r,s
Hr
(
J kn (R
n+m);Z2
)⊗Z2 Ωs
∼=H0
(
J kn (R
n+m);Z2
)⊗Z2 Ωp ∼= Z2 ⊗Z2 Ωp ∼=Ωp.
This corresponds to the fact that any compact p-dimensional smooth closed manifold can
be mapped to J kn (Rn+m), for p ∈ {0, . . . , n− 1}, obtaning some admissible integral man-
ifold of the same dimension, and preserving the bordism class. Therefore, with respect to
the above sequences it must be: KJ
k
n (R
n+m)
p
∼=KJkn (Rn+m)p = 0.
7 The bording solutions considered for the bordism groups Ω(Ek)p , are singular solutions if the symbols gk and
gk+1 are different from zero, and for singular-weak solutions in the general case. Here we have denoted Ωp(X)
the p-bordism group of a manifold X. For informations on such structure of the algebraic topology see, e.g.,
[3,8,12,20,21,23–26].
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Let us consider the following equation:
uxx + uyy + uzz − f (x, y, z)= 0, (E2)
where E2 ⊂ JD2(W), π :W ≡ R3 × R → R3 ≡ M , (x, y, z,u) → (x, y, z). This is an
equation that is formally integrable and completely integrable. In fact, by considering
also the first prolongation (E2)+1 ⊂ JD3(W), one has dim(E2)+1 = 19, dimE2 = 12.
For the corresponding symbols one has dim((g2)+1)q = 7, dim(g2)q = 5, ∀q ∈ E2. Thus
dim(E2)+1 = dimE2 + dim((g2)+1)q . This proves that the following short sequence is
exact:
(E2)+1 →E2 → 0.
Furthermore, setting
g
(i)
2 ≡
{
ζ ∈ g2 | ∂x1ζ = · · · = ∂xiζ = 0
}
, 0 i  2,
we get dimg(0)2 = dimg2 = 5, dimg(1)2 = 2, dimg(2)2 = 0. As a consequence we have
dim(g2)+1 = dimg(0)2 + dimg(1)2 + dimg(2)2 . This proves that g2 is an involutive symbol
[5,7]. Hence, taking into account the surjectivity of the first prolonged equation (E2)+1
on E2, we can conclude that E2 is formally integrable. As E2 is affine it follows that E2
is completely integrable too. Then, taking into account that dimE2 = 12 > 2 × 3 + 1 = 7,
we can apply Theorem 2.15, and calculate the integral bordism groups of E2. We have
Ω
E2
0 = ΩE22 = Z2, ΩE21 = 0. From the above integral bordism groups we get that if
N ⊂ E2 is an orientable smooth compact closed admissible integral 2-dimensional man-
ifold contained into E2, we can find a solution of E2. In general such solutions are
singular. (In order to assure that they should smooth it is enough that their boundaries
have zero all the integral characteristic numbers. See the next section.) Let us now inves-
tigate on the uniqueness of such solutions. For the Cartan distribution E2 of E2 one has
dim(E2)q = 8, ∀q ∈ E2. Any point qˆ ∈ (E2)+1 identifies an integral plane Lqˆ ⊂ E2 such
that (E2)q = Lqˆ ⊕ (g2)q , (8 = 3 + 5), q ≡ π3,2(qˆ) ∈ E2. As the dimension of the fibers
((E2)+1)q of (E2)+1 over q ∈ E2 is dim((g2)+1)q = 7, it follows that we can have dif-
ferent solutions, i.e., different 3-dimensional integral smooth manifolds V ′ ⊂E2 such that
∂V ′ =N , for fixed N . On the other hand, if
V ∼= π2,0(V )≡X =X′ ≡ π2,0(V ′)∼= V ′,
with
∂V = ∂V ′, π2,0(∂V )= ∂X = ∂X′ = π2,0(∂V ′),
assuming that X = u(B), X′ = u′(B), for some sections u,u′ of π over B ≡ π2(V ) =
π2(V ′) ⊂ M , then must necessarily be u(∂B) = u′(∂B) = ∂X = ∂X′ = h(∂B), where h
is a fixed section of π on ∂B (identified with a numerical function on ∂B). On the other
hand, as the space of regular solutions of the equation E2 ⊂ JD2(W) is an affine space
with associated vector space the space of regular solutions of the equation 
ϕ = 0, i.e.,
the space of harmonic functions on M , it follows that u = u′ + ϕ, where ϕ is an har-
monic function. Then, if u|∂B = u′|∂B = h, it follows that ϕ|∂B = 0. But this, implies that
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manifold are the constant functions. Hence, the regular solution of such boundary value
problem is unique on the domain B . However, the uniqueness is strictly related to the fact
that we have considered regular solutions of E2 ⊂ JD2(W) only. In fact, it is enough to
admit regular solutions of the equation E2 as a submanifold of J 23 (W), via the embeddings
E2 ⊂ JD2(W) ⊂ J 23 (W), that the uniqueness is not more asssured. In fact such solutions
cannot be, in general, globally represented as holonomic prolongations of sections of the
fiber bundle π :W →M , but are holonomic prolongations of 3-dimensional submanifolds
of W . (In some cases, to consider nonregular solutions of a PDE is also the unique way to
obtain solutions of some boundary value problems. (See, e.g., the Hamilton–Jacobi equa-
tion [16].) May be also important to emphasize that such general solutions do not exist
if dimM = 1, i.e., for the ordinary differential equation uxx − f (x) = 0. In fact, in such
a case, the Cartan distribution is 1-dimensional, and the unique solution is the following
regular one:
u(x)=ψ(x)+ (h1 − h0 +ψ(0)−ψ(1))x + h0 −ψ(0),
in the domain B ≡ [0,1] ⊂ R,
with boundary conditions:
u(0)= h0, u(1)= h1,
and
ψ(x)=
∫ (∫
f (x)dx
)
dx.
This is also the conclusion if we consider above equation as a submanifold of J 21 (W). In
fact we can prove that, also in this case, all the solutions are holonomic prolongations of
sections of π . In fact, we can write the Cartan vector field in the form
ζ = 1
ux
(∂x + f ∂ux + fx∂uxx)+ ∂u.
Let us try to find integral curves in E2 that have 1/ux = 0. Now such integral curves must
satisfy the following differential system:
x˙ = 1
ux
, u˙= 1, u˙x = f
ux
, u˙xx = fx
ux
.
Hence we get the following parametric representation of the integral curves:{
ψ(x)+ c1x + c2 = t, u= t + u0, ux = φ(x)+ c1, uxx = f (x)
}
, with
φ(x)=
∫
f (x)dx and ψ(x)=
∫
φ(x)dx.
The projections of such lines on W , (x,u)-plane, give the curves u= u0 +ψ(x)+c1x+c2.
These curves are diffeomerphic to their projections on M , x-axis. (For such curves one has
necessarily 1/ux = 0.) Therefore, for the equation E2, on the 1-dimensional basis, one has
that the Dirichlet problem has just an unique solution. Note, however, that if we include
in the set of solutions of (E2) ≡ {uxx − f = 0}, also weak solutions, then for any two
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B0 ≡ (1, h1)}. In fact, it is enough to take on E2 any couple of points A,B ∈E2 that project
respectively on A0 and B0, that belong to E. Therefore, the uniqueness of the solution is
not more assured when weak solutions are considered.
Example 2.18 (The Tricomi equation on manifolds).8 We shall consider the Tricomi equa-
tion,
uyy − yuxx = 0, (T )
defined on a 2-dimensional manifold M . This is a linear second order PDE on the trivial
vector fiber bundle π :E ≡ M × R → M . This is a closed partial differential relation with
the language of [4]. The Tricomi equation9 (T ) ⊂ JD2(E): uyy − yuxx = 0, over a 2-
dimensional manifold M , is a formally and completely integrable linear PDE on the trivial
vector fiber bundle E ≡ M × R, with dim(T ) = 7 > 2 × 2 + 1 = 5, hence we can apply
Theorem 2.15. Let us prove that (T ) is an involutive formally integrable PDE. In fact
for the first prolongation (T )+1 of (T ) and the corresponding symbols (g2)+1 and (g2),
respectively, we get
dim(T )= 7, dim(T )+1 = 9,
dim(g2)q = 2, dim
(
(g2)q
)
+1 = 2, dim(g2)(1)q = 0, for all q ∈ (T ).
So we have:
dim
(
(g2)q
)
+1 = dim(g2)q + dim(g2)(1)q .
This assures that g2 is an involutive symbol. Furthermore, one has:
dim(T )+1 = dim(T )+ dim
(
(g2)q
)
+1.
This assures that (T )+1 → (T ) is an affine subbundle of JD3(E) → JD2(E), with associ-
ated vector bundle (g2)+1. Then, we can state that (T ) is formally integrable, hence also
completely integrable, as (T ) is a linear equation. So we conclude that must be:
Ω(T )p
∼=Ωp(M)∼=
⊕
r,s,r+s=p
Hr(M;Z2)⊗Z2 Ωs, p ∈ {0,1}.
If M is p-connected, p ∈ {0,1}, we get that the characterization of the global solu-
tions of (T ) is given by means of the following integral bordism group: Ω(T )1 ∼= 0. This
means that for any admissible closed 1-dimensional smooth Cauchy line, one has global
solutions of the Tricomi equations. These are not, in general, obtainable by means of sec-
tions of the fiber bundle E → M , and are singular solutions. In order to assure that they
should be smooth it is enough that their boundaries have zero all the integral character-
istic numbers (see the next section). Other interesting examples are the Tricomi equation
on the 2-dimensional torus T 2 or RP 2. In the first case we get: Ω(T )1 ∼= Ω1(T 2 × R) ∼=
Ω1(T 2)∼= Z2 ⊕Z2. In the second case we have: Ω(T )1 ∼=Ω1(RP 2 ×R)∼=Ω1(RP 2)∼= Z2.
8 For general informations on this equation, see, e.g., [11].
9 This equation is elliptic for y < 0 and hyperbolic for y > 0.
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M × R → M , with M a 2-dimensional manifold, there are also global solutions repre-
sented by manifolds having a change of sectional topology (tunneling effect). In general
such solutions cannot be identified with sections s :M →E of π :E →M .
Example 2.19 (The Ricci-flow equation).10 Let M be a n-dimensional smooth manifold
and let us consider the following fiber bundle
π¯ :E ≡ R × ˜S02M → R ×M, (t, xi, yij )1i,jn → (t, xi)≡ (xα)0αn,
where ˜S02M ⊂ S02M is the open subbundle of non-degenerate Riemannian metrics on M .
Then the Ricci flow equation is the closed second order partial differential relation (in the
sense of Gromov [6]), on the fiber bundle π¯ :E → R×M , (RF)⊂ JD2(E), defined by the
following differential polynomials on JD2(E):
Fjl ≡ |y|
∑
1i,kn
[yik](yil,jk + yjk,il − yjl,ik − yik,j l)
+
∑
1i,k,r,sn
[yik][yrs]
([jk, r][il, s] − [j l, r][ik, s])+ |y|2
2
yjl,t
≡ Sjl(yrs, yrs,α, yrs,pq)+ |y|
2
2
yjl,t = 0,
where [ij, r] are the usual Christoffels symbols, given by means of the coordinates yrs,i ,
|y| = det(yik), and [yik] is the algebraic complement of yik . The ideal p ≡ 〈Fjl〉 is not
prime in R[yrs, yrs,α, yrs,ij ]. However, an irreducible component is described by the sys-
tem in solved form: yjl,t = −(2/|y|2)Sjl . This is formally integrable and also completely
integrable.11 In fact,
dim JD2+s(E)= n+ 1 +
∑
0r2+s
(n+ 1)n
2
(n+ r)!
r!n! ,
dim(RF)+s = n+ 1 + (n+ 1)n2
[ ∑
0r2+s
(n+ r)!
r!n! −
∑
0r ′s
(n+ r ′)!
r ′!n!
]
,
dimg2+s = (n+ 1)n2
(n+ 2 + s)!
(2 + s)!n! −
(n+ 1)n
2
(n+ s)!
s!n! .
Therefore, one has: dim(RF)+s = dim(RF)+(s−1) + dimg2+s . This assures that one has
the exact sequences
(RF)+s → (RF)+(s−1) → 0, for s  1. (♣)
One can also see that the symbol g2 is not involutive. By the way a general theorem of the
formal geometric theory of PDEs assures that after a finite number of prolongations, say κ ,
10 For general informations on this equation see, e.g., [1]
11 We shall denote with the same symbol (RF) the corresponding algebraic manifold. For a geometric algebraic
theory of PDEs see the monograph [17], and references quoted there.
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the surjectivity of the mappings (♣), we get that (RF) is formally integrable. Furthermore,
from the algebraic character of this equation, we get also that is completely integrable.
Therefore, in the neighbourhood of any of its points q ∈ (RF) we can find solutions. (These
can be analytic ones, but also smooth if we consider to work on the infinity prolongation
(RF)+∞, where the Cartan distribution is “involutive” and of dimension (n+ 1).) Finally,
taking into account that dim(RF) > 2(n + 1) + 1 = 2n + 3, we can use Theorem 2.15 to
calculate the integral bordism group, Ω(RF)n , for n-dimensional closed smooth admissible
integral manifolds bording by means of (singular) solutions. (Note that the symbols of
(RF) and its prolongations are non-zero.) This group classifies the structure of the global
solutions of the Ricci-flow equation. One has:
Ω(RF)n
∼=
⊕
r+s=n
Hr(M;Z2)⊗Z2 Ωs,
where Ωs is the bordism group for s-dimensional closed smooth manifolds.12
3. Conservation laws and integral bordism groups
Here we want relate the concept of conservation laws with the existence of smooth
solutions bording Cauchy manifolds in PDEs, and with the integral bordism groups.
Definition 3.1. We define (differential) conservation law of a PDE Ek ⊂ J kn (W), any dif-
ferential (n− 1)-form β belonging to the following quotient space:
Cons(Ek)≡ Ω
n−1(E∞)∩ d−1CΩn(E∞)
CΩn−1(E∞)⊕ dΩn−2(E∞)
,
where Ωq(E∞), q = 0,1,2, . . . , is the space of differential q-forms on E∞, CΩq(E∞) is
the space of all Cartan q-forms on E∞, q = 1,2, . . . , and CΩo(E∞) ≡ 0, CΩq(E∞) ≡
Ωq(E∞), for q > n, Ω−1(E∞) = 0.13 Thus a conservation law is a (n− 1)-form on E∞
non trivially closed on the (singular) solutions of Ek .
Theorem 3.2. There exists a canonical representation of the space of differential conser-
vation laws of Ek in H(E∞)≡ RΩ
E∞
n−1
.
Proof. In fact, one has the canonical homomorphism: j :Cons(Ek)→ H(E∞), given by
j
([β])([N ]E∞)=
∫
N
β|N.
We set: im(j) ≡ E0,n−1, and denote by 〈E0,n−1〉 the subalgebra of H(E∞), generated by
E0,n−1. 
12 We used the fact that the fiber of E →M is contractible.
13 CΩq(E∞)≡ {β ∈Ωq(E∞) | β(ζ1, . . . , ζq )(p)= 0, ζi (p) ∈ (E∞n )p, ∀p ∈E∞}.
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Ek ⊂ J kn (W) the following Hopf algebra: Hp(Ek) ≡ RΩ
Ek
p
.
14 In particular for p = n − 1
we write H(Ek) ≡ Hn−1(Ek) and we call full Hopf algebra of Ek , H(E∞) ≡ Hn−1(E∞).
If 〈E0,n−1〉 ∼= H(E∞)≡ RΩ
E∞
n−1 , we say that Ek is wholly Hopf-bording.
Theorem 3.4. If ΩE∞n−1 is trivial then Ek is wholly Hopf-bording. Furthermore, in such a
case E0,n−1 = 0.
Proof. In fact, in such a case one has∫
N
ω =
∫
∂V
ω =
∫
V
dω = 0, ∀[ω] ∈ Cons(Ek), [N ] ∈ΩE∞n−1 = 0,
and V a smooth solution of E∞, with ∂V = N . Therefore, for definition one has
〈E0,n−1〉 ∼= H(E∞). 
In order to distinguish between integral manifolds V representing singular solutions,
where Σ(V ) has no discontinuities, and integral manifolds where Σ(V ) contains disconti-
nuities, we shall consider “conservation laws” valued on integral manifolds N representing
the integral bordism classes [N ]Ek ∈ΩEkp .
Definition 3.5. Set:
I(Ek)
p ≡ Ω
p(Ek)∩ d−1(CΩp+1(Ek))
dΩp−1(Ek)⊕ {CΩp(Ek)∩ d−1(CΩp+1(Ek))}
.
Then we define integral characteristic numbers of N , with [N ]Ek ∈ΩEkp , the numbers
i[N ] ≡ 〈[N ]Ek , [α]〉, ∀[α] ∈ I(Ek)p.
Theorem 3.6. Let Ek ⊆ J kn (W) be a PDE. Let us consider admissible p-dimensional,
p ∈ {0,1, . . . , n− 1}, integral manifolds that are orientable. Let N1 ∈ [N2]Ek ∈ΩEkp , then
there exists a (p + 1)-dimensional integral manifold V ⊂ Ek , such that ∂V = N1 ∪˙N2,
where V is without discontinuities iff the integral numbers of N1 and N2 coincide.
Proof. In [12,14,16] we have proved that N1 ∪˙N2 is the boundary of an admissible smooth
integral manifold of dimension (p + 1), V , iff N1 and N2 have the same integral num-
bers. On the other hand if (∂V )S = N1 ∪˙N2, i.e., V has a set of singular points Σ(V ),
where V has a discontinuity, then V is not globally a smooth manifold. Therefore, in these
cases, N1 and N2 cannot have the same integral numbers when they are the boundary of
a singular solution. For example, if Σ(V ) = X1 ∪˙X2, πk,0(X1) = πk,0(X2) = c ∈ W , and
V = V1 ∪˙V2, with ∂V1 = N1 ∪˙X1, ∂V2 = X2 ∪˙N2, then, V1 and V2 are globally smooth
14 H(E∞) has a natural structure of Hopf algebra if ΩE∞n−1 is a finite group, otherwise it is an extension of an
Hopf subalgebra (see [16]).
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tively X2); but the integral characteristic numbers of N1 are, in general, different to that
of N2. 
Example 3.7 (The n-d’Alembert equation on manifolds). Let M be a n-dimensional mani-
fold and let π :E ≡M×R →M be the trivial vector fiber bundle on M . The n-d’Alembert
equation15
∂n logf
∂x1 · · · ∂xn = 0,
is an n-order closed partial differential relation (in the sense of Gromov [4]) on the fiber
bundle π :E → M , i.e., it defines a subset Zn ⊂ JDn(M,R), without boundary, ∂Zn = ∅.
Let {xα,u,uα,uαβ, . . . , uα1...αn} be a coordinate system on JDn(M,R) adapted to the fiber
structures:
πn : JDn(M,R)→M, πn,0 : JDn(M,R)→ R.
Then, Zn = F−1(0), F : JDn(M,R)→ R, where F is a sum of terms of the type:
F [s; r | α,β1β2, . . . , γ1 . . . γq ] ≡ suruαuβ1β2 . . . uγ1...γq ,
with α = β1 = β2 = · · · = γ1 = · · · = γq  n, s ∈ Z, r ∈ N ∪ {0}. Furthermore, the term
in F containing u1...n is just u1...nun−1.16 Note that F has not locally constant rank
on all Zn, so Zn is not a submanifold of JDn(M,R). Furthermore, on the open subset
Cn ≡ u−1(R \ 0) ⊂ JDn(M,R), one recognizes that F has locally constant rank 1. Hence
Zn ∩ Cn is a subbundle of JDn(M,R) → Rn, of dimension n + (2n)!/(n!)2 − 1. In the
following, for abuse of notation, we shall denote by (d’A)n whether Zn or Zn ∩ Cn. The
n-d’Alembert equation (d’A)n ⊂ JDn(M,R) is a n-order PDE, formally integrable, and
completely integrable, on the trivial vector fiber bundle π :E → M .17 The proof can be
copied by the one given in [19] for the n-d’Alembert equation on Rn. This means that we
can locally reproduce all the results obtained for the n-d’Alembert equation on Rn (see
[16,19]). For any point q ∈ (d’A)n, passes a local solution. Furthermore, the set of local
solutions of the n-d’Alembert equation on n-dimensional manifolds contains the set of the
local functions that can be represented in the form as
f (x1, . . . , xn)= f1(x2, . . . , xn) . . . fn(x1, . . . , xn−1).
This follows directly from previous considerations and results contained in [19]. Similarly
we get also that, even if the characteristic distribution of (d’A)n is zero, we can built regular
solutions by means of characteristic method if one considers infinitesimal symmetries of
(d’A)n. Now, the set Solloc(d’A)n, n 2, of all local solutions of the equation:
∂n logf
∂xn . . . ∂x1
= 0,
15 If n= 2 we say simply d’Alembert equation and we will put (d’A)≡ (d’A)2.
16 For example, for n= 2 one has: F = uxyu−uxuy , and for n= 3 one has: F = uxyzu2 −uxyuzu−uxzuyu+
uxuyuz .
17 (d’A)n considered in this example is a submanifold of JDn(M,R), hence it coincides with Zn ∩Cn.
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that can be represented in the form f (x1, . . . , xn) = f1(x2, . . . , xn) . . . fn(x1, . . . , xn−1).
For the proof it is enough to consider local properties, hence consider the n-d’Alembert
equation defined on an open set of M . Therefore, we can copy the proof given in [19] for
the n-d’Alembert equation on Rn. In the following we shall consider the n-d’Alembert
equation given as a submanifold (d’A)n of the jet space Jnn (E) by means of the embedding
(d’A)n ↪→ JDn(M,R) ∼= JDn(E) ↪→ Jnn (E). The characterization of global solutions of
(d’A)n is made by means of its integral bordism groups. One has:
Ω(d’A)np
∼=Ωp
(
(d’A)n
)
, for p ∈ {0, . . . , n− 1}.
This follows from the fact that the n-d’Alembert equation is formally integrable, and com-
pletely integrable (see Theorem 2.1). From Theorem 2.15 we get:
Ω(d’A)np
∼=Ωp(M)∼=
⊕
r,s,r+s=p
Hr(M;Z2)⊗Z2 Ωs, p ∈ {0, . . . , n− 1}.
In fact, as (d’A)n is formally integrable and completely integrable, with W an affine bundle
over M , in order to apply Theorem 2.15 it is enough to prove that we can embed in (d’A)n
any p-dimensional, p ∈ {0, . . . , n}, smooth compact manifold. For this it is enough to prove
that dim(d’A)n  2n+ 1. On the other hand, we get:
dim(d’A)n = n+ (2n)!
(n!)2 − 1 1 +
(2n)!
(n!)2 = 1 +
(2n)(2n− 1) . . . (n+ 1)
n! > 1 + 2n.
In particular, if M is p-connected, then also W is p-connected, as W = R × M , and we
get Ω(d’A)np ∼= Ωp . In the particular case of dimM = 2 and p-connected, p ∈ {0,1}, the
integral bordism group Ω(d’A)1 is always trivial. So the set of solutions for the 2-d’Alembert
equation has the same structure on a plane R2 or 2-dimensional sphere S2. R2 and S2 are
examples of connected, simply connected, orientable, 2-dimensional manifolds. Note also
that for M = R2 and M = S2, one has Ω1(M)= 0. In fact, taking into account that{
H1(M,Z2)= 0; H0(M,Z2)= Z2
}
,
we get
Ω1(M)∼=H1(M;Z2)⊗Z2 Ω0 ⊕H0(M;Z2)⊗Z2 Ω1 = 0.
This proves also that Ω1(M)=Ω(d’A)1 = 0. So for any admissible compact closed Cauchy
line N ⊂ (d’A), one has a global solution of the d’Alembert equation, defined on M = R2
or M = S2. Such solutions are singular solutions, in general. In particular, if all the integral
characteristic numbers of N are zero, then the solution are smooth ones. On the other hand,
we can prove that all the smooth admissible integral closed curves of (d’A) have zero
integral characteristic numbers. Therefore
Ω
(d’A)+∞
1 =Ω(d’A)1 = 0.
This means that for any of such smooth boundary one has smooth solutions of (d’A).
For the 3-d’Alembert equation (d’A)3 ⊂ J 33 (E), defined on a p-connected, p ∈ {0,1,2},
3-dimensional manifold, one has that the integral 2-bordism group Ω(d’A)3 ∼= Z2. If2
564 A. Prástaro / J. Math. Anal. Appl. 319 (2006) 547–566M ∼= R3, we can have two different classes of Cauchy surfaces, one orientable, belonging
to 0 ∈ Z2, and the other, nonorientable, belonging to 1 ∈ Z2. Let us note, that this choice,
automatically excludes that Cauchy data can be obtainable by means sections M → E. In
fact, it is well known that a compact nonorientable n-manifold without boundary cannot be
embedded in a simply connected (n+ 1)-manifold (for example RP 2 cannot be embedded
in R3) [8]. On the contrary, if we consider only orientable Cauchy surfaces, (but remaining
in the nonorientable bordism framework), we get Ω(d’A)32 ∼= 0 and some of these can be
also given by sections M → E. In order to be sure that global solutions for such bound-
aries should be smooth it is enough that they have zero all the characteristic numbers. Let
us consider, now, the 2-d’Alembert equation on a bidimensional torus T 2. This is a con-
nected, orientable, nonsimply connected, surface. Then, taking into account the following
isomorphisms:{
H0
(
T 2;Z2
)∼= Z2; H1(T 2;Z2)∼= Z2 ⊕ Z2; H2(T 2;Z2)∼= Z2},
we get
Ω
(d’A)
0
∼= Z2; Ω(d’A)1 ∼= Z2 ⊕ Z2.
We can obtain considerations similar to the previous ones by considering (d’A) on the
closed, nonorientable, connected, nonsimply connected manifold M = RP 2. In fact, we
get the following isomorphisms:
Ω1(RP
2)∼=H1
(
RP 2;Z2
)⊗Z2 Ω0 ⊕H0(RP 2;Z2)⊗Z2 Ω1 ∼= Z2 ⊗Z2 Z2 ∼= Z2,
we have, in this case
Ω
(d’A)
1
∼=Ω1(d’A)∼=Ω1(RP 2)∼= Z2.
Another interesting example of nonsimply connected manifold is the 3-dimensional ori-
entable manifold M = RP 3. Then, taking into account the following isomorphisms
Ω2(RP
3)∼=H2
(
RP 3;Z2
)⊗Z2 Ω0 ⊕H1(RP 3;Z2)⊗Z2 Ω1 ⊕H0(RP 3;Z2)⊗Z2 Ω2
∼= Z2 ⊕ Z2,
we get
Ω
(d’A)
2
∼=Ω2(E)∼=Ω2(RP 3)∼= Z2 ⊕ Z2.
From above considerations it follows also that in the set of solutions Sol(d’A)n of the
n-d’Alembert equation, (d’A)n ⊂ JDn(E) ⊂ Jnn (E), there are also global solutions repre-
sented by manifolds having a change of sectional topology (tunneling effect). In general
such solutions cannot be identified with sections s :M →E of π :E →M .
Example 3.8 (The heat equation on 1-dimensional manifolds). Let M be a 1-dimensional
smooth manifold and let us consider the fiber bundle π :W ≡ R × M × R → R × M ,
(t, x,u) → (t, x). Then the heat equation on M is the following linear PDE of second
order (HE)⊂ JD2(W):
F ≡ ut − uxx = 0. (HE)
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thermore, as dim(HE)= 7 > 2 × 2 + 1 = 5, we can apply Theorem 2.15 and determine the
first integral bordism group of (HE). We get
Ω
(HE)
1 =H1(M;Z2)⊗Z2 Ω0 ⊕H0(M;Z2)⊗Z2 Ω1 ∼=H1(M;Z2).
For example, if M = R, as H1(M;Z2)= 0, we get Ω(HE)1 = 0.
If M = S1, as H1(M;Z2) = Z2, we have Ω(HE)1 = Z2. Therefore, if M = R, any
1-dimensional, closed smooth admissible integral submanifold N ⊂ (HE) is the bound-
ary of a (singular) solution of (HE). (Note that the symbols of (HE) and its prolongations
are not zero.) In the case M = S1, instead, this property is assured only to the zero class of
Ω
(HE)
1 . Note also that the (differential) conservation laws of (HE) are differential 1-forms
ω = φ dt +ψ dx, with φ = a(t, x)u1 + ax(t, x)u, and ψ = a(t, x)u, where a = a(t, x) is
any solution of the equation at + axx = 0. One can see that if M = R, one has
∫
N
ω|N = 0,
if N ⊂ (HE)t ⊂ (HE), where (HE)t is the fiber of (HE) over the time t . Therefore, any of
such “space-like,” admissible integral manifold N , is boundary of some smooth solutions
of (HE). Furthermore, if N =N1 ∪˙N2, with Ni ∈ (HE)ti , i = 1,2, t1 = t2, then there exist
“time-like” (or “causal”) smooth solutions V , with ∂V = N1 ∪˙N2 = N . Therefore, there
are time-like smooth solutions having a change of sectional topology (tunnel effect).18 In
the case M = S1, instead, global smooth solutions, with “space-like” boundaries N , are
only the ones with [N ] = 0 ∈Ω(HE)1 = Z2.
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